169 


1895.] Mr. A. McAulay. Octonions. 

Aristodesmus, which suggests this link, is at présent placed in tlie 
Procolophonia, a group separated from its recent association with 
Pareiasaurus and restored to its original independence, because it bas 
two occipital condyles, with the occipital plate vertical, and without 
latéral vacnities, and has the shoulder girdle distinct from Pareia- 
sanria in the separate pre-coracoid extending in advance of the 
seapula. 


III. 44 Octonions/’ By Alex. McAulay, M.A., Lecturer in 
Mathematics and. Physies, University of Tasmania. Com- 
municated by Rev. N. M. Ferrers, D.D., F.R.S. Received 
November 28, 1895. 

(Abstract.) 

Octoniom is a naine adopted for various reasons in place of 
Clifford’s Bi-quaternions . 

Formai quaternions are symbols which formally obey ail the laws 
of the quaternion symbols , q (qnaternion), x (scalar), p (vector) 0 
(linear fnnction in both its ordinary meanings), 0' (conjugate of 0), 
i 9 j, h, f, K#, Sq, T^, U q, Vq. Octonions are in this sense formai 
quaternions. Each octonion Symbol, however, requires for its 
spécification just double the number of scalars required for the 
corresponding quaternion Symbol. Thus, of every quaternion formula 
involving the above symbols there is a geometrical interprétation 
more general than the ordinary quaternion one, an octonion interpré¬ 
tation. The new interprétation, like the old, treats space impar- 
tially, i.e., it has no spécial reference to an arbitrarily chosen origin 
or System of axes. 

If Q is an octonion and q a quaternion, the symbols, which in 
octonions correspond’to K q, S q. T^, JJq, Vq in quaternions, are denoted 
by KQ, SQ, TQ, UQ, MQ. KQ is called the conjugate of Q, SQ the 
scalar octonion part, TQ the augmenter, UQ the twister, and MQ the 
motor part. 

If A is a “ motor” whose axis intersects the axis of Q perpendi- 
cularly, QA is also motor intersecting Q perpendicularly. UQ. A is 
obtained from A by a combined translation along and rotation about 
the axis of Q; i.e., by a “twist ” about the axis of Q. TQ.A is 
obtained from A by increasing the “ rotor ” part of A in a défi ni te 
ratio , and by increasing the “ pitch ” of A by a definite addition. 
UQ = UiQ U 2 Q, where when Q is thus regarded as an opérator, UiQ 
is a “ versor,” i.e., it efiects the rotation mentioned; and U 2 Q is a 
“ translator,” i.e., it effects the translation mentioned. Similarîy, 
TQ = T!Q.T 2 Q where TiQ is a 44 tensor/’ i.e., it effects the ratio - 
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increase meniioned ; and T 2 Q is an u additor,” i.e., it effects the 
addition-increase mentioned. The amonnt by which the pitch of the 
motor operand A is increased is called the piteh of the octonion 
operator Q. When a motor B is itself thus considered as an opérât or 
its versor is a qnadrantal versor and its translator is unity, z.e,, it 
does not translate the operand at ail ; henee the twister of a motor 
is a qnadrantal versor. The tensor of B is the magnitude of its rotor 
part, and the amonnt hy which it increases the pitch of the operand 
is its own pitch. 

These resnlts are ail established by aid of qnaternions on a purely 
Euclidean basis. , Tliey hâve, of course, mechanical interprétations 
in connection with (1) the instantaneous motion of a rigid body, (2) 
a System of forces, (3) the momentum of a System of moving matter, 
and (4) a System of impulses. The corresponding motors are called 
velocity motors (Sir Robert BalTs 44 twist on a screw ”), force motors 
(“ wrench on a screw ”), momentum motors, and impulse motors 
(“ impulsive wrench”). If A and B are two force motors A+B is 
the force motor of the System of forces obtained by the composition 
of the two Systems corresponding to A and B ; and similarly for the 
motors of the other types. 

The octonion operator Q( )Q _1 is exactly analogous to the qna~ 
terion operator q( )q~ l . It displaces the octonion operand in the 
most general manner as a rigid body; it translates the operand. 
paraliel to the axis of Q through a distance double of that through 
which Q when regarded as a motor operator translates the motor ; 
and it rotâtes it as a rigid body round the axis of Q through double 
the angle of Q. If A is the velocity motor of a rigid body which in 
the time t has suffered the displacement Q( )Q _1 , 

A = 2MQQ-\ 

and if R is any octonion fixed relative to the body, 

R == MAMR. 

The geometrical connections between A, B (two motors), MÀB, and 
SAB are examined. The axis of MÀB is the shortest distance 
between A and B, Its rotor part bears the same relation to the rotor 
parts of À and B that the vector Y afi does to the vectors a and fi. The 
pitch of MAB is the snm of d cot 0 and the pitches of A and B, where 
d is the distance and 0‘ the angle between A and B, d being reckoned 
positive or négative, according as the shortest twist which will brin g* 
the rotor of either A or B into coincidence, both as to axis and 
sense, with the rotor of the other is a right-handed or left-handed 
g ne. 

A scalar octonion such as SAB requires two ordinary scalars, S X AB 
and s AB to specify it. S, AB bears to the rotor parts of A and B the 
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sanie relation as tlie scalar Sa/3 bears to the vectors a and fi. sAB is 
most simply deseribed mechanically. If A is tlie velocity motor of 
a rigid body on which tbe force motor B is acting, —sAB is the rate 
at which the corresponding System of forces is doing work on tbe 
body. —sAB is, therefore, tbe prodnct of tbe tensors of A and B, 
mnltiplied by what Sir Robert Bail calls tbe virtnal coefficient of tbe 
two corresponding screws. If A and B are rotors, sAB is Hh six times 
tbe volume of tbe tetrabedron which bas A and B for a pair of oppo¬ 
site edges. sAB/SjAB is what is called tbe pitch of tbe scalar 
octonion SAB. It is tbe snm of —d tan 0 and tbe pitcbes of A 
and B. 

If, A, B, C are tbree motors, SjABC bears to tbeir rotor parts 
tbe same relation tbat tbe scalar Sa /37 bears to tbe tbree vectors 
a, fi, 7 . Tbe pitcb of SABC is tbe snm of d cot d— e tan 0 , and tbe 
pitcbes of A, B, and C ; wbere d and 6 are related to A and B, as 
before, and wbere e is tbe distance, and 0 tbe angle between C and 
tbe sbortest distance of A and B. 

Tbe rotor part MiABC of tbe motor MABC bears, as to direc¬ 
tion and magnitude tbe same relation to tbe rotor parts of A, B, C 
as tbe vector Va /37 bears to tbe vectors a, fi, 7. Tbe pitcb of MABC 
is tbe sum of (e tan 0 —d cot 0 )/(cot 2 0 tan 2 0 + cot 2 0 •+• tan 2 0 ) and 
tbe pitcbes of A, B, and C. 

Similarly as to tbe rotor Mi.(MAB)C of tbe motor M(MAB)C. Tbe 
pitcb of M(MAB)C is tbe sum of d cot 0 -f e cot 0 and tbe pitches 
of A, B, 0. 

A finite motor, whose pitcb is infinité, is called a lator. [Tbe 
term “ vector ” is not bere used, because tliougb lators and vectors 
bave tbe same fundamental geometrical properties, and obey tbe same 
laws of addition, tbey do not obey the same laws of multiplication, 
for tbe product of two lators is always zéro.] Thus every motor 
consists of a rotor part and a parallel lator. If Q is an octonion, 
MiQ stands for tbe rotor of tbe motor of Q and mQ for a coaxial 
rotor of tbe same magnitude and sense as tbe lator of tbe motor of Q. 

If MAB — 0, eitber A and B are coaxial, or one of tbem is a lator 
parallel to tbe axis of tbe otber, or tbey are botb lators. If M t AB = 0, 
eitber A and B are parallel, or one of them at least is a lator. If 
mAB = 0, eitber (p + p') sin 0 + d cos 0 = 0 (wbere d and 6 are as 
before, andp and p are the pitcbes of A and B), or one is a lator 
parallel to tbe axis of tbe otber, or tbey are botb lators. 

If SAB = 0, eitber tbey intersect perpendicularly, or one is a lator 
perpendicular to tbe axis of tbe otber, or tbey are both lators. If 
SxAB = 0 , eitber tbey are perpendicular, or one of tbem at least is a 
lator. If sAB = 0 eitber (p +p') cos 0 = d sin 0 , or one is a lator 
perpendicular to tbe axis of the otber, or tbey are botb lators. 

Tbe necessary and suffîcient condition to ensure tbat SABC = 0 is 

n 2 
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either two independent motors of the complex À, B, C ai*e lators or 
XA -f* YB + ZC = 0 , where X, Y, Z are sealar octonions whose 
ordinary scalars (S, X, &c.) are not ail zéro. 

If B and C hâve definite not parallel axes, XB + YC is any motor 
tliat intersects the shortest distance of B and C perpendicularly, 
where X and Y are arbitrary sealar octonions. 

The analogue in octonions of the linear vector f miction of a vector 
in qnaternions is called a commutative linear motor fnnetion of a 
motor. It is not the most general form of a linear motor function of 
a motor. Tbe latter is called a general function. If a commutative 
function is such that, acting on an arbitrary rotor through a definite 
point, it reduces the operana to a rotor through the same point it is 
called a pencil function, and the point is called the centre of the pencil 
function. The geometrical relations between a pencil function and 
rotors through its centre are precisely the same as the geometrical 
relations between a linear vector function of a vector and vecfcors. 
When a commutative function degenerafces into a lator function (for 
ail values of the motor operand) the geometrical relations between 
the function and rotors in general are also precisely the same as the 
corresponding quaternion relations. A general function in volves 
thirty-six ordinary scalars, a general self-conjugate twenty-one, a 
commutative function eighteen, a commutative self-conjugate twelve, 
a pencil function twelve, and a self-conjugate pencil function nine. 
[In the case of the pencil function three of the scalars go to specify 
the centre.] a general self-conjugate, is called an energy function 
when sE'æ'E is not positive for any motor E ; it is a partial or complété, 
energy function, according as sE-srE is zéro for some values of E or 
for none. 

We here pass over for the most part those properties of the com¬ 
mutative function which are immediately deducible from the fact that 
octonions are formai quaternions. 

Let 0 for the présent stand for a commutative function. 0 satis- 
fies a cubic with sealar octonion coefficients. This cubic generally 
has three definite sealar octonion roots ; but sometimes it has an in¬ 
finité number, sometimes only one, and sometimes none at ail. The 
cubic (called the 0 X cubic), whose coefficients are the ordinary sealar 
parts of the coefficients of the 0 cubic, has an important bearing on 
the geometrical properties of 0. 

0 can always be put in a trinomial form analogous to the corre¬ 
sponding quaternion trinomial form. 

If X is a root of the 0 cubic correspondiug to a single root of the 
0 X cubic, 0—X can be put in a binomial form, and there is a line 
such that i£ E be any motor coaxial with the line 0E = XE, so that 
0 E is coaxial with E. If X corresponds to a repeated root of the 0 X 
cubic, this is not always true. 
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If X is root of thé 0 cubic that cubic can always be put in tbe form 
(0—X)(0 2 -X'0-f X) = 0 , even when there is no second root. If X 
corresponds to a single root of tbe 0 L cubic (0 2 —N'04-X)E = 0 , if E 
is any motor wbicb intersects a certain line perpendicularly. If X 
corresponds to a repeated root of the 0j cubic, tbe statement is not 
always true. 

Except when ail tbe roots of tbe 0i cubic are equal tbere is always 
some line sucb that if E be any motor coaxial witb tbe line, 0 E is also 
coaxial witb the line. [When ail tbe roots of the 0 i cubic are equal 
tbe statement is sometimes trne and sometimes untrue.] 

Let, now, 0 stand for a real commutative self-conjugate. It can 
then always be put in the form— 

0 E = -XiSEi-X f jSEj~X"k$Fjk, 

w r here X, X', X" are tbree real scalar octonions, and i , j , h are three 
mutually perpendicular unit intersecting rotors. The cubic is 
(0—X)(0—X')(0—X") = 0, so that it always bas tbree real roots. 
These may be taken as X, X\ X!\ even when it has an infinité number 
of roots. In tbis last case tbe X, X', X" of tbe équation 0E = 
— XiSEi— .... bave definite values wbicb are called the principal 
roots of tbe cubic. Thus, tbere are always tbree mutually perpen¬ 
dicular intersecting lines sucb that if E be a motor coaxial witb any 
one of them, 0E is coaxial witb E. 

If two, but not tbree, of tbe roots of tbe 0i cubic are equal, and 
tbe two corresponding principal roots of tbe 0 cubic are unequal, 0 
cannot be put in tbe form— 

0 E = MAEB + YE, 

where A and B are constant motors and Y a constant scalar octo- 
nion. In ail other cases 0 can be put in tbis form, and A, B, and Y. 
are real. Tbe cubic is 

{(0—Y) 2 —A 2 B 2 }{(0—Y) 4-SAB} = 0 . 

When neither A nor B is a lator and tbey are not parallel, tbe prin¬ 
cipal axes (tbe tbree lines mentioned just now), of 0 are tbe sbortest 
distance of A and B, and tbe two lines which bisect tbis sbortest 
distance and also bisect tbe angles between A and B. 

A scalar octonion may be of any one of five types ; one type is zéro 
and tbe otber four may be called positive and négative, scalar octo¬ 
nions and positive and négative scalar convertors. If A and B are 
two motors (not parallel and neither a mere lator), sucb that SA0B, 
= 0 , A and B are said to be fully conjugate with regard to 0 . If 
A, B, C are tbree sucb motors of wbicb eacb pair is fully conjugate 
the number of tbe scalar octonions SA0A, SB0B, SC0C, of any 
type i s tbe same as tbe number of tbe principal roots of the same 
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type. Making this fact tbe basis of a classification, it follows tliat 
there are (rejecting the case 0 = 0), thirty-four different types of 0. 

If Ÿ is a commutative self-conjngate, sncb tbat SiEy^E is négative, 
and not zéro for ail motor values (except lators) of E, there are always 
tbree (and generally only three) real lines which are not ail parallel 
to one plane sucb tbat any tbree real motors with these lines for axes 
form a fully conjugate set both with regard to ÿ an ^ 0* 

A commutative self-conjugate is never a complété energy function, 
and can only be a partial energy function wben it degenerates into a 
lator function. 

Tbe properties of tbe general function are examined by tbe help of 
44 Grassmann’s Ausdehungslehre.” Motors are in Grassmann’s own 
geometrical interprétations quantities of tbe second order. 44 limer 
Multiplication,” and tbe thory of 44 Normale,” bave in tbis case inter¬ 
prétations which dépend on an arbitrarily cliosen origin. Hence 
Grassmann does not apply bis théories concerning these two to 
motors ; but motors may be treated as quantities of tbe first order, 
and if tbey are, and if Sir Robert Ball’s meaning of “reciprocal ” is 
identified with Grassmann’s meaning of 44 normal ” a real motor with 
négative pitch is a 44 simple imaginary ” quantity of tbe first order, 
and the 44 numerieal value ” of a lator or a rotor is zéro. Grassmann 
generally assumes bis quantities to be real and always assumes tbat a 
quantity is zéro wben its numerieal value is zéro. Hence nearly ail 
bis theorems require modification in our case but bis methods are 
generally with some extensions applicable. 

44 Combinatorial Multiplication ” receives several applications. A 
particular scalar combinatornal product of six motors is much used 
and also a motor combinatornal product of five motors. Tbe latter 
is the motor (with a certain definite tensor) reciprocal to tbe five 
motors of the product. By aid of these two products, tbe following 
results (tbe first of which is contained inBall’s 44 Screws ”) are estab- 
lisbed. To every complex of order n there is a complex of order 6 —n 
reciprocal and no motor not belonging to the latter, is reciprocal to 
tbe former. If ( n ) be a complex of order n, and (6— n) an indepen- 
dent complex of order 6— n, then if (6— n) is the complex reciprocal to 
(n) and (n) the complex reciprocal to (6— n), ( n) and (6 — n) are 
independent complexes. 

What is called 44 combinatorial variation ” is a species of variation 
of which Grassmann’s 44 linear ” and 44 circulai" ” variations are 
spécial cases. Particular cases of combinatorial variation are these 
two, and also 44 hyperbolic ” and 44 conjugate” variations, the last 
being with reference to a given general self-conjugate function. 

Let w be a given real general self-conjugate function. The motors 
E of a given complex (n) of order n, foi 1 wbicli sE^vE = 0 from wbat 
Sir Robert Bail calls a complex of tbe («—!), tbe order and second 
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degree. Two motors, E and F, are said to be conjugate witb re- 
ference to -ar, vvlien sE^rF —fi. In the language of “ Screws ” tliey 
are conjugate motors of the complex of tlie second degree. -srE is 
what Bail calls the polar of E. 

When ixr == 1 conjugacy reduces to reciprocity, and every theorem 
relating to the former becomes one concerning reciprocal motors. 

A real motor,E,is called a positive, négative, or zéro norm, according 
as sE-arE is —1, H-l, or zéro. When^r — 1 a positive norm lias positive 
pitch, a négative norm négative pitch, and a zéro norm zéro or infinité 
pitch, î.e, it is a rotor or lator. (n) can ahvays be expressed in an 
infinité number of ways as a complex of n real independent conjugate 
noms. The number of norms of any type (positive, négative, or 
zéro) is definite, and the complex of zéro norms is a definite 
complex. 

If (n) be a given complex of order n, and (m) a given complex of 
order m included in (ri), another complex (n — m) of order n—m can 
always be found with the following properties. (m) and (n—m) 
together make up (n), so that (n—m) is also included in (n), and 

(m) and (n—m) are independent. (m) consists of the positive norms 

Ai A 2 ,..., the négative norms Bi B 2 ...., and the zéro norms 

Ci C 2 .... Di D 2 (n—m) consists of the positive norms 

Ai A 2 ..the négative norms B/ B 2 ',...., and the zéro norms 

C/ C 2 '.... D/ IV. The number of the norms Di D 2 .... is the 

same as the number of the norms D/ DJ . Ail pairs of these 

norms are conjugate except the following pairs of zéro norms (D x D/), 
(D 2 D 2 '). These last are such that 

sD^rDi' = sD 2 w DJ -i. 

The pair of motors A/', B/', deduced from any such pair of excep- 
tional zéro norms Di, D/ by the équations 

A/' = (Di + D/)/a/2 , B x " = (Di—Di)/ a/ 2 , 

are conjugate, and are respectively a positive and négative norm of 

(n) . Th us (n) consists of the following set of conjugate norms : 

( 1 ) positive, Ai...., A/...., Ai"...., ( 2 ) négative, B x . *.., B/_, 

B/'...., ( 3 ) zéro, C x . ..., C/. (n) and (n—m) are called semi- 

conjugate complexes. 

Denoting the complex of Ai A 2 .... by (A), that of A x A 2 ,... 
Bi B 2 .... by (AB), &c., it is proved that (A'B'CC'D) contains ail 
the motors of (n) which are conjugate to (m) or (ABCD), and no 
others. (A'B'CC'D) is therefore called the conjugate of (m). The 
sum of the orders of (m) and its conjugate exceeds n by the order 
of (C), which is the complex common to (m) and the (definite) 
zéro norm complex (CC') of (n). The conjugate of the conjugale 
of (m) is not in general (m) itself. 
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When ( n ) and (ni) and nothing else is given tlie statements o£ the 
following table are establisbed. 


j The following com- 
! plexes are deter- 
1 minate. 

1 

The following complexes are arbitrary to the extent j 

mentioned. | 

:(C) .. 

(C') is any complex whioh with (C) maltes up (CC') | 

(D) „ „ (C) „ (CD) 

(AB) „ „ (CD) „ (ABCD) 

(A'B') „ „ (CC'D) „ (A'B'CC'D) 

! (CCO. 

(CC'B) . 

(CD)..... i 

(A JB CD).I 

(ABCC'D). 

(A'B'CC'D). 

(ABA'B'CC'D) .... 


Also (D') is indeterminate to tlie extent implied by tbe state- 
ment:— (DD') is any complex wbicb contains (D), is conjngate to 
(ABA'B'), and witli (ABA'B'CC') makes up (n). Tbe individnal 
motors Ci, C 2 .... may be taken as any independent motors forming 
tbe determinate complex (C), and tbe individnal motors D 1? D 2 .... 
may be taken as any independent motors wbicb witb Ci, C 2 ... • form 
tbe determinate complex (CD) ; similarîy for C/, C 2 '.... ; but not 
similarly for D/, D 2 '. 

Tbe table is mucb simplified, (1) when ur is an energy function and 
(2) wben w = I and n = 6. 

If w is any self-conjugâte and E is one of a set of six conjngate 
motors, sncb tbat sE'zrE = 0 , tlien ^E = 0 . If w is an energy function 
(partial) and E is any motor, such tbat sE^E = 0 , tben -srE — 0 . 

'tt (a general self-conjngate) can ahvays be expressed in an infinité 
number of ways in tbe form -srE = — 2 /EsEE, wbere E is one of six 
real constant independent motors, and / a corresponding ordinary 
scalar, whicb may be zéro. Tbe six motors wbicb are reciprocal to 
eacb set of five of the E’s form a conjugate set. Wben none of the 
/’s are zéro ^r _1 bas a unique intelligible meaning. Tbe E’s form a 
conjugate set witb regard to w" 1 . 

- When (n) and ( m ) are given tbe numbers of motors of tbe différent 
types A, A', &c., are ail definite numbers cbaracteristic of vr. There 
are tbus wben n = 6 , two methods of classifying nsr. The number of 
types of '&r (rejecting tbe case w — 0 ), wben classified according as 
it aiïects motors in (m) only, is 2, 5, 9, 14, 20, or 27, when m bas tbe 
value 1, 2, 3, 4, 5, or 6 respectively. Tbe number of types of 
wben classified according as it affects motors in (m) and in a semi- 
conjugate complex ( 6 —m), is 27, 77, 125, 145, 125, 77, or 27, wben m 
bas tbe value 0, 1, 2, 3, 4, 5, or 6 respectively. 

(n) being as before, vr being a given general self-conjugate, and Ÿ 
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a given energy function, the following n real independent motors, 
forming a conj agate set with regard to -ht, can always be found, and 
in general nniquely ; (1) A x .... ai...., positive norms with regard to 
'm ; (2) !>!.... j$i ...., négative norms witb regard to w ; ( 3 ) (h...., 
zéro norms with regard to zr. Tbe nnmbers in the two groups ai...., 
/ 3 x.. .. are the same. The motors A x ...., B x .... ,C X ...., a x + A ...., 
ai— j 3 i ,..., form a conjugate set (not norms in general) with regard to 
Y', and of these a x —/ 3 x ...., are zéro norms with regard both to 'sr and 
Whenthere areany a’s and fis there are not n real independent 
motors forming a common conj ugate System of tv and yfr. If ÿ is a 
complété energy function there are no a’s and fis. Several particnlar 
cases of the general theorem are examined, those of especial importance 
being when -sr = 1. 

If tst and vr f are two general selff conjugates such that sE'zvE = 
sEVE for every motor E of a given complex, then sE-stF = sE'zv'F 
where E and F are any two motors of the complex. In particnlar, 
any motors of the complex which form a set conjugate with regard to 
tut are also conjugate with regard to w'. 

If (n) is a given complex of order n and (6~n) a given independent 
complex of order 6—n, and if zr is given then w' can be determined 
nniquely, so that sE^'Ei = sEVEi, zr'E 2 = 0 where E x is any motor of 
(n) and E 3 any motor of (6 — n). Also, whatever motor value E 
hâve 'sr'E belongs to the complex reciprocal to (6—n). 

If 0 is a general (not neeessarily self-conjugate) function, such that 
it reduces every motor of ( n ) to a motor of (n), and reduces every 
motor of (6 — n) to zéro, 0 satisfies an n-tic. If the roots of this équa¬ 
tion are a repeated r times, b repeated s times, &c., where a, 6, .... 
are ail different, there are certain definite independent complexes (r), 
(s). .... included in and making up (n), of orders (r), (s), .. .. cor¬ 
respondis to these roots. In (r) is included a complex (p), (not 
always definite) of order p , where p is any positive integer not 
greater than r, such that (0—a)^A = 0 for every motor A of ( p ). 

If p be any positive integer and e be a scalar different from both a 
and b , (0—e)^ ; E is not zéro, and belongs to the complex consisting of 

(r) and (s) if E itself belongs to that complex. A similar statement 
is true of the complex consisting of any number of the complexes (r), 

(s) , .... 

If (0—e)^E = 0 (p any positive integer) for every motor E of a 
complex of order q included in ( n ), e is a root of the w-tic repeated at 
least q times, and the complex is included in the complex correspond- 
ing to this root. 

( 0 —b) 5 (0—c)* .... E where ail the roots occur their full number 
of times, except a w T hich is absent altogether, and where E is a motor 
of ( n ) belongs to the complex (r), and by giving a suitable value to E 
it mày be made any motor of ( r ). 
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If (ri) is tlie reciprocal of (6— ri) and (6— ri) is the reciprocal of 
(ri), then (n) and (6— ri) stand towards 0', the conjugate of 0, in 
exactly the same way as (n) and (6—ri) stand towards 0. 

The 0 f n-t\c is the same as the 0 n- tic, and the complex (r) corre¬ 
sponding to the root a of the 0' w-tic is reciprocal to (s), and 

to (6 — n ). 

If 0 be self-conjugate (0' = 0) the complexes corresponding to the 
different roots are both conjugate, with regard to 0, and reciprocal. 

When not one of the roots of the 0 n-tic, is zéro 0~ 1 applied to 
motors of (ri), and snpposed to reduce them to motors of (ri), has a 
unique intelligible meaning. It is, like 0 , a general function. The 
roots of its n-tic are the reciprocals of the roots of the 0 n- tic. The 
complex corresponding to any root of the 0 -1 n-tic is the same as the 
complex corresponding* to the corresponding root of the 0 n-tic. 
0 1_I is the conjugate of 0 _1 . 

If 0 is real the coefficients of the n -tic are real, but not necessarily 
the roots. If a and b are two corresponding imaginary roots (f.é,, 
ab and a ri-b are real), r = s. The complexes (r) and (5) are then 
imaginary, but the complex consisting of (r) and (s) is real. In this 
real complex is included a real complex ( 2 p) of order 2 p, where p is 
any positive integer not greater than r, such that {( 0 — a)(<f>—b)}P 
reduces every motor of (2p) to zéro. 

A real general self-conjugate (octonion) -ar differs from a quater- 
nion self-conjugate, and differs from a Grassmann self-conjugate in 
that (1) the roots of its sextic (n = 6) may be imaginary, and (2) 
tliere may be not more than one motor, A, in the complex corre¬ 
sponding to a repeated root a , for which (V—a) A = 0, whether a 
be real or imaginary. The roots of an energy function sextic are 
al way s real, and when for such a function a is not zéro, every motor 
A of (r) is such that (0— a )A = 0. But when a == 0 there is not 
even in this case necessarily more than one motor A for which 
0A = 0. For a complété energy function a is never zéro. 

If 0 degenerates into a commutative function the roots of its sextic 
are the roots of what was above called the 0i cubic each repeated 
twice. 

In particular, if 0 degenerates into a self-conjugate commutative 
function the roots of the sextic are ail real, and consist of three 
pairs of equal roots. The three corresponding complexes are three 
sets of coaxial motors, whose axes are three mutually perpendicular 
intersecting lines. Except when what were called the principal 
roots of the 0 cubic are ail ordinary scalars, there are not in this case 
six co-reciprocal motors, which also form a conjugate set. 

Combinatorial variation is applied to prove some other facts. -sr 
being a general self-conjugate, and («), as before, the sum of the 
reciprocals of the pitches of SF 1 'arFi,SF 3 ®'F 3 ,.... where Fi,F 2 .... 
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are a conj agate set of n indépendant motors of ([n ) is constant. In 
particular, putting w = 1 we get tke theorem proved in “ Sci'ews/’ 
that the sum of tke reciprocals of n indépendant co-reeiprocal motors 
of ( n ) is constant. If A, B, C are any tliree independent motors of 
a complex of tke tkird order the pitck of SABC is constant, and if 
A, B are any two independent motors of a complex of tke second 
order tke pitck of MAB is constant. Or adopting tke rotation above 
tke snm of d cot 0 —e tan 0, and tke pitckes of A, B, C is constant in 
tke first case, and tke sum of d cot 9 and tke pitckes of A and B is 
constant in tke second case. 

Tke most general forms of complexes of ail orders, expressed when- 
ever possible as consisting of reciprocal motors witk axes along 
mutually perpendicular intersecting lines, are given; as also tke 
reciprocal complexes in a similar form. 

Tke différentiation of octonion functions is considered. 

It is skown tkat pkysical problems may be treated in a znanner 
which, so far as appears from tke présent trials is in most cases prac- 
tically identical witk quaternion metkod. A symbolic rotor v is 
defined, which bas properties very similar to tke vector v of quater- 
nions. Intégration tkeorems corresponding to tke well known 
quaternion ones are given. Tke octonion treatment of strain and of 
intensifies and fiuxes is given at some lengtk. Tke octonion formulas, 
tkougk bearing a somewliat more extended meaning tlian tke quater¬ 
nion formulæ, are surprisingly similar in form. to tke latter. On tke 
wliole, from tkis part of tke paper, it cannot be said that octonions 
prove more efficient tlian quaternions, tkougk wliat would appear 
were tke subject more developed cannot at présent be said. 

Tke following are some of the applications made in tke last 
division of tke paper :— 

A twist means a general displacement of a rigid body. A twist 
can always be effected in an infinité number of Avays by two rotations. 
Tke following construction suffices to nnd any t\vo such rotations. 
Take any line 1 intersecting the axis of tke twist perpendicularly. 
Let 1 become 2 wdien it is subjected to half tke given twist. Take 
any transversal 3 of 1 and 2 . Then double tke rotation tkat converts 
1 into 3 , folloAved by double tke rotation tkat converts 3 into 2 , will 
effect tke given twist. A right-about-turn means a rotation tkrougk 
two right angles ; tkus it is completely specified by its axis. A twist 
can always be effected in an infinité number of ways by two right- 
about-turns. Tke following suffices to obtain the axes in ail cases. 
Tke axis of tke first right-about-turn is any line intersecting tke 
axis of tke twist perpendicularly. Tke second axis is obtained from 
the first by giving to tke latter kalf tke given twist. As is well 
knoAvn, two equal parallel and opposite rotations combine into a 
translation. The translation is compounded of two translations, tke 
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one being equal and parallel to the perpendicular from tlie first 
axis on the second, and the other eqnal and parallel to the same 
perpendicular when it bas been first rotated with the second rotation 
and then reversed. To combine two twists, take two lines, 1 and 2 , 
such that half the first twist brings 1 into coincidence with the 
shortest distance between the axes, and half the second twist brings 
the shortest distance into coïncidence with two. Then the axis of 
the résultant twist is the shortest distance between 1 and 2 and the 
twist itself double the twist about this axis, which will bring 1 into 
coïncidence with 2. 

The geometrical properties of the second order and third order 
complexes, as given by Sir Robert Bail in “ Screws,” are estab- 
lished. 

The octonion treatment of the motion of a single rigid body is con- 
siaered at some length. The treatment is very analogous in many 
parts to the quaterion treatment of the motion of a rigid body with 
one point fixed. The variation in time of the pitch and position of 
the velocity motor of a rigid body subject to no external forces is 
considered. 

This leads to the considération of a curve—called the “normal 
cône curve ”—related to the polhode. The polhode lies on a quadric 
cône whose vertex is the centre of the Poinsot ellipsoid. The normal 
cône curve lies on the quadric cône whose vertex is the same point, 
and which is normal to the polhode cône. Defining a polhode as the 
locus of points on a quadric at which the tangent planes touch a 
concentric sphere, it is shown that a real polhode on a real quadric is 
always a polhode on a second real coaxial quadric, and that the 
normal cône curve is a polhode on each of two other coaxial quadrics 
which are both real or both imaginary. The original polhode is 
similar and similarly situated to the normal cône curve of the original 
normal cône curve when the latter is regarded as a polhode. Several 
reciprocal relations between the two pairs of quadrics are established. 
If either of the original polhode quadrics is an hyperboloid of two 
sheets, the normal cône curve quadrics are imaginary, though the 
normal cône curve itself is always real. When the four quadrics are 
ail real, not more than three of them can be eilipsoids, though they 
may ail be hyperboloids of one sheet. A figure drawn to scale is 
given in which each pair consists of an ellipsoid and an hyperboloid 
of one sheet, and in which each polhode is identical with the normal 
cône curve of the other. The two polhode quadrics coalesce if, and 
only if, one is a sphere. The general solution given breaks down in 
certain limiting cases. These cases are examined, and ail prove to 
hâve simple geometrical properties. The methods adopted in these 
particular operations are to ail intents and purposes quaternion 
methods, and they illustrate, what appears frequently throughout the 
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paper, that quaternion methods may be regarded practically as a par¬ 
tie iilar case of octonion methods. 

When the motion of the rigid body is always in the neighbourhood. 
of an absolutely stable position we get the tlieory of “ Screws.” The 
more general theorems in connection with this are given in a soine- 
what different form from Sir Robert BalPs. Thus, for instance, we 
hâve a “ generalised force motor,” which in a particular case becomes 
the “ redneed wrench.” It is pointed out that the latter is not always 
intelligible. Some form of the former is always intelligible, as also 
is a particular form of it ealled the “ virtual force motor/’ The cor- 
responding “ virtual impulse motor ” is the impulse motor due to the 
external impulses and the reactions of the constraints, but a similar 
statement does not hold for the virtual force motor 


IV. “ On the Formation and Structure of Dental Enamel.’ , By 
J. Leon Williams, D.D.S., L.D.S. Communicated by 
Professer SohaFER, F.R.S. Received December 4, 1894. 

(Abstract.) 

The spécial points in the formation and structure of enamel which 
1 hâve attempted to elucidate in this paper may be summarised as 
follows :— 

Ist. The existence of a very thin membrane, or a structure of 
membrane-like appearance, lying between the ameloblasts and the 
forming enamel, and also between these cells and those of the stratum 
intermedium. I hâve also, in many specimens, seen a similar mem¬ 
brane covering the odontoblasts. 

2 nd. The formation of enamel by deposit and not by cell calcifica¬ 
tion. This deposit probably consists of two distinct cell products—a 
granular plasm and spherules of calcoglobulin. 

3 rd. The relation of the cells of the stratum intermediura to true 
secreting tissue ; this relation being especially marked in the enamel 
organs of the rat and mouse. 

4 th. An intricate vascular network in the stratum intermedium. 
I should also mention that I bave seen a f'ree distribution of blood 
vessels in the odontoblastic layer of cells in the mouse, rat, and calf, 
as well as in human embryos, thus conclusively proving that these 
cells are not calcified. 

5 th. The fibrous character of enamel in many of the lower animais, 
and the change of these fibres into more or less regularly arranged 
granules in the monkey and in man. 

6 th. That the varicosities of the enamel rods are not caused by 
acids (although often rendered more clear to view by acid treatment) 



